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In 1944 A. Selberg proved the formula |3] : 

(!) /a* Pi 1] THl - O'" 1 ril<a<6< fc (*a - h)^ dh... dt k 



■ rrfe-i r((j+i) 7 ) r(«+j 7 ) r(/3+j 7 ) 

00 i j= ° r(7) r(a+/3+(2fc-2-i) 7 ) ' 

o ■ 

where A k [x,y] = {t E R k \ x < t k < ■ ■ ■ < h < y}, Re a > 0, Re (3 > 0, 
Re 7 > min{l/fc, (Rea)/(k — 1), (Re a) /(k — 1)}. This is a generalization of Euler's 
formula, 

fV-Hi-tY 8 - 1 dt = r(a)r(/3) 

^ ■ Jo L \ L L ) ai r(a+/3) ■ 

The Selberg integral is one of most remarkable multi-dimensional hypergeometric func- 
tions with many applications, see references. 

Taking a suitable limit of the integral one gets the exponential Selberg integral |M] : 
f U k e'^t^U (t -tA 2 ~<dti dtu - U kl EiM±±MI^±nl 

. rz , JA fe [0,oo] lla=l e L a lll<a<6<feV t a L b) UL 1 ■ ■ ■ ab k — L Lj=0 r( 7 ) 

There are the Mellin-Barnes type Selberg integrals [Ul ITVlj : 

Hi • tZ nLi (r(a + t a )v{(5 + or( 7 - f.)r(* - t a ) x 

llfe=l V(t h -t a )T(t a -t b ) ) ai l--- ai k - 

- 0>n-i\ k h\ n fc ~ 1 f r (0' +1 ) £ ) r(a+ 7 +j€)r( Q +<5+j€)r(/3+ 7 +j6)r(/3+<s+j£) 

^/u; ft,. 1 lj =0 I r(e) r(a+/3+ 7 +«5+(2fc-2-i)e) 
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2 SELBERG INTEGRALS 

(2m)* fc! ( u + u -i)-fc(2a+(fc-i)7) [jgj r((j+1) ^ ) (7 r ) (2a+j7) , 
where Re a, /3, 7, 5, e, u > 0. In particular, 

/ioo 
r( a + ores + t)r( 7 - t)r(<y - 1) <fc = 2™ r(a+7)r(Q+ ^ )r( ^ )r(/3+3) 
-ioo 



T(a+/3+7+5) 



/ioo 
T(a + t)T(a-t) u 2t dt = 2m T(2a) (u + 
-ioo 

which are formulae for the classical Barnes integrals jWWj . 



u- r r 2a , 



Let q G C, < \q\ < 1, (u)oo = T{™ =0 (1 ~ °( u ) = ( u )oo(qu 1 )oo(q )oo, 

T k = {t G C k | | ti| = 1, . . . , \t k \ = 1}. The g-Selberg integrals have the form jTV2] : 

(• T-fk e(qt a /e)e(u k - 1 ^/Set a ) i-rfc yrk (tq/t^og r. j. 

Jt<= 1 la=l t a (7*a)oo (<5*a)oo («/*„)« (/3/t a )oo 1 la=l 1 15=1, b+a (ut a /t b U ai l - ■ ■ aL k 

fO_,-U U Y\ k 1 Woo (« fc +^- 1 a/3 7 ^oc e(ui-ye)8(ui5e) 

l) ft,, j l i=Q (uJ +i )oo ( tiJQ7 ) oo (^7)00 (W (g)^ 

where |a| < 1, \(3\ < 1, [-y j < 1, |5| < 1, |u| < 1, and 

Jt^ 1 lo=l t a (7^)^ 1 la=l 1 lb=l, fe^a (uta/tb)*, ULl ■ ■ ■ Ubk 

(2iri) h fe 1 n fc 1 (")°° ( mJ 7<5)oq (g" J 7/<?)oo 

I J • 117=0 (W + ^oo (M J 7^)oo 

where I7I < 1, \6\ < 1, \u\ < 1. In particular, 

JC (7t)oo (<5*)oo {a/t)ac (/3/t)oo i (q)oo («7)oo (^7)00 00 (ct5)oo (/35)oo ' 

where C is an anti-clockwise oriented contour around the origin t = separating the 
sets {(? s /7, g s /^ I s e ^<o} ; g s /3 I s G Z> }, and 

f S(et) dt 9 ■ (97A)oo(^)°o 

JC (7t)oo (5/*)oo t ~ Z/U (7<5)oo 

where C is an anti-clockwise oriented contour around the origin t = separating the 
sets {<?77 I s G z <o}, I s G Z> }, see |GRj . 

One can calculate the integrals over T k by residues and get formulas for the q-Selberg 
Jackson integrals Hi H iKaTl lKa2l ITV2] . Set 

A(+ + ■ lt \ T~\ k t_a (g*a/7)°c (qta/S)^ yr (l-t b /t a ) (qu- 1 t b /t a ) oc 

/l^l, . . . , i k , U) - H a=1 (ata)™ (Pta)oo lll<a<6<fc («t 6 /ta)oc 

If \qu k ~ l \ < 1, then 

spk ™ f _ 1 \a T ti (W»)(*-Hlh-(fc-a-l)(fc- a )(l+2 r t )/2 rffc-«-l 9(^+^/5) 

Z^a=0 Z^n,...,r k =0 \ L > " lle=0 6»(u a - c 7/5) 

x A(g ri 7, g ri+r2 «7, . . . , <f 1 +- +ra w a - 1 7, g r «+i5 } . . . , g^+x+.-.+r^fc-a-^. ^ = 



n 



j=0 (nJ'+i)^ (uJ'otOoc (^/37)oo (^a<5)oo (i*J/9<S) c 



SELBERG INTEGRALS 



3 



Set 

JD(f 4- \ T~\k (gfa)oo 1 T (l-t b /t a ) (qu^ 1 t b /t a ) oc 

ID^l,...,L k ) 1 lo=l 1 ll<a<&<& (ut b /t a )oo 

If \v\ < min (1, | ■z/- fc 1 1 ) , then 

_ q ^Ea=i( fc - a + 1 ) r ° M -Ea=i( a - 1 )( fc - a + 1 ) r " B(q Vl , q ri+T2 u, . .., q ri+ '" +rk u k ~ r ) = 

TT^-l (tt)oo (u> mi)oo (<?)oo 

llj = («J+ 1 ) 00 («J'a)oo (it-^)oo ' 

Let 

0!(t, r) = -£ e «0'+l) 2 -+ 2 -0-+|)(t+|) ) Q Kn (t, T ) = ^2 e 2^(j+^fr + 2m K U+^)t 
where k, n G Z, k > 2. Let 

ei(A-t.r) 0^(0,t) w, \ _ Oift.r) 



„ (+ -\ _ gUA-yrj t> 1 ^u,Tj it,/. 



01 (A,t) 6»i (i,r) ' ^\°i T ) 0£(O,r)' 

where ' denotes the derivative with respect to the first argument. For k G Z>o, the 
elliptic Selberg integral is the integral I k (X,r) = J k (X,r) + (— l) k+1 J k (— A, r), where 

Jfc(A,r) = / A fc [0)1] 02fc+2,fc+l(A + j^j Z)o=l*a> r ) x 

nLi E(t a , r)- k ^a x (t a , r) Ylx< a<b < k E{t a - t b , r) V(*+D ^ . . . rffc . 
Then jTWTllFST2] 



s+1 ' 2fc4 

vfc/2 irifc/(fc+l) „-vri(fc+2)/4 TTfc / -7ria/(fe+l) . 



4(A,T) = C fej B fc (| + 2FT2,-fcfi, 2fcT2) 01 (A, T) 



where c fc = (27r) fc / ^ik/(k+i) e -ni(k+2)/4 ri« =1 ( e -™ a A k+1 > - 1) and B k (a, (3, 7) is the Selberg 
integral in (JIJ. 

All previous versions of the Selberg integral are related to representation theory of 
the Lie algebra sl 2 and appear as solutions to different versions of the KZ equations and 
dynamical equations, see jFMTVI ITVT1 ITVl ITV31 ITV1 ITV5I IFSVT1 IFEV21 |Vj. The 

following integral is an example of a Selberg type integral associated with s/ 3 . 

Let ki,k 2 be non-negative integers, k% > k 2 . For any non-decreasing map M : 
{1 1'>} 

— > {1, . . . , ki} such that M(b) < k\ — k 2 + b for any b = 1, . . . , k 2 , introduce a domain 
A k ^ k2 [x, y] in ]& kl+k2 with coordinates t±, . . . ,t kl , s\, . . . , s k2 defined by the inequalities: 

x < t kl < ■ • ■ < ti < y , x < s k2 < ■ ■ ■ < s 1 < y , 
£fcf(&) < Sb < t M (b)-i , b = 1, . . . , k 2 . 

Here t = y. For 7 G C, consider the chain C kl,k2 [x,y] = J2m -^-m'^^-m 2 [ x iV] with 
coefficients 

-kifa _ rrfo sin (7r(fci-fc 2 -M(6)+6+l)7) 



M,7 — llb=l 



b=l s'm(n(k±—k2+b)-y) 
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Then jTV5] 

ic^ m nil tr 1 ^ - o*- 1 n£i(i - nti n£i k - *r * 

ril<a<b<fe 1 (*a - 4) 27 ]ll<a<6<fc 2 ( S « ~ S b) 2 "< dt X ■ ■ ■ <tt kl ds X ■ ■ ■ ds k2 = 

i-rfci-1 r(a+j 7 )r((j+l)7) Tjki-k 2 -l TjPl+jl) v 

ili=0 T( 7 ) llj=0 r(a+j9i+(2fci-fc2-2-i) 7 ) 

r-r fc 2-i r(/3 2 +j7) r(/3i+/3 2 +(i-i)7) r(i+(j-fcib) r((j+i) 7 ) 

llj=0 r(/3 2 +l+(2fc2-fci-2-i)7)r(a+/3 1 +/3 2 + (fci+fc2-3-j)7)r(7) ' 



In the £;-dimensional Euclidean space M fc consider the reflection hyperplanes of a 
Coxeter group G. Let P(t) be the product of distances of the point t = (ti, ...,tk) from 
all reflection hyperplanes associated with G. Let N be the number of hyperplanes. Then 



f e"^ 2 \P(t)\ 2 ^ dh...dt k = (2n) k l 2 ff 



' r(i + 7 ^; 



,_, r(i + 7 ) ' 

where dj are the degrees of basis polynomials in the space of homogeneous polynomials, 
which are invariant with respect to G. The g-analogs of this formula were proved in 

EH- 

Here is an example of a Selberg type integral involving the elliptic gamma function, 
see |Sp| . Let 

be the elliptic gamma function and (q;q)oo = Yi™=i(l ~ <?")• For complex parameters 
uq, . . . ,«4, set A = [] m=0 M m . Assume that \p\ < 1, |g| < 1, \u m \ < 1, \pq\ < \A\. Then 



2-rri JlT 1 



2-, l r 1 r(t 2 ;p ig )r(t- 2 ;p, ? )r(tA;p,g)r(t- 1 A; P ,g) t (g;g)oo (p;p)oo nl =0 ^(^;p,q) ' 
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